Abstract: We show that equivariant Donaldson polynomials of compact toric surfaces can be calculated as residues of suitable combinations of Virasoro conformal blocks, by building on AGT correspondence between N = 2 supersymmetric gauge theories and two-dimensional conformal field theory. 
Introduction
A link between N = 2 supersymmetric gauge theories in four dimensions and Donaldson invariants, classifying differentiable structures on four-manifolds, has been established since the seminal paper by Witten [3] .
Here we exploit recent progresses both in the formulation of supersymmetric quantum field theories on curved spaces and in equivariant localization applied to supersymmetric path integrals in order to provide a direct computation of equivariant Donaldson polynomials for compact toric surfaces along the lines suggested by [4] . A crucial new ingredient along this path is provided by the correspondence between supersymmetric field theories in four dimensions and two-dimensional conformal field theories [5] . Indeed, our final result is that equivariant Donaldson polynomials on a compact toric manifold X can be expressed as residues of suitable combinations of Virasoro conformal blocks. This follows from the fact that the supersymmetric path integral reduces to a contour integral over a product of toric patches contributions given by Nekrasov partition functions [6] . These latter depend on the weights of the toric action through effective Omega-background parameters and correspond to Virasoro conformal blocks whose central charge depend on these parameters. The integration variable is the v.e.v. of the scalar field of the N = 2, d = 4 vector multiplet, which on compact manifolds is a normalizable mode to be integrated over in the space of admissible classical BPS solutions. The latter are parameterized also by magnetic fluxes labeled by an integral lattice. A subtle issue concerns the allowed values of these fluxes, reflecting the stability conditions to be imposed on the equivariant vector bundles. We fully solved this problem for X = P 2 in [2] and we present here some recent progress on X = P 1 × P 1 .
We also consider maximally supersymmetric gauge theories and express the resulting partition functions, generating the Euler characteristics of the moduli spaces of stable equivariant vector bundles, in terms of mock modular forms. It is known from [7] that these partition functions, labeled by the first Chern class of the bundle, form a non-trivial representation of the modular group SL(2, Z), obeying an analogue of the Verlinde algebra satisfied by the conformal blocks of rational conformal field theories in two dimensions.
On the other hand, it is known that knot invariants can be calculated by suitable gluing of Wess-ZuminoWitten conformal blocks [8] . The result we find here is somewhat analogous in the fact that equivariant Donaldson invariants are obtained from the gluing of conformal blocks of a non-rational conformal field theory.
It would be interesting to further investigate this analogy for example by considering the insertion of surface operators in the supersymmetric path integral, which are known to be related to sl(2) conformal blocks [9] .
Surface operators in four-dimensions provide indeed co-boundary operators for knots [10] .
Supersymmetry on compact manifolds
The symmetry group for the N = 2 supersymmetric theory on R 4 is given by the rotation group SO(4) =
The supersymmetry is generated by the operator Q = ξ Aα Q Aα +ξ Ȧ αQα A where the generators ξ,ξ are commuting Weyl spinors of SU (2) 1,2 (indices α,α) respectively and moreover both of them transform in the two-dimensional representation of SU (2) R (index A).
On a generic manifold the covariantly constant condition Dξ = 0 is too restrictive.
The consistency of the N = 2 supersymmetry algebra on a compact four manifold requires [1] that the spinor parameters have to satisfy the generalized Killing equations (1)
and the auxiliary equations
where background fields appear: two scalar M 1 , M 2 a self-dual tensor T µν , an anti-self-dual tensorT µν and the connection of the SU (2) R R-symmetry bundle hidden in the covariant derivatives D µ .
This is in agreement with the result of [11, 12] obtained from supergravity in the spirit of [13, 14] .
2.1. Four-manifolds admitting a U (1)-isometry and the equivariant topological twist. For a general four-manifold it is always possible to solve the generalized Killing equations at least for one scalar supercharge (ξα A = δα A , ξ Aα = 0), performing a topological twist [3] . The spinors parameters are sections of the
where S ± are the spinor bundles of chirality ±, R is the SU (2) R-symmetry vector bundle and L R is the U (1)
R-symmetry line bundle. Choosing L R = O to be the trivial line bundle and R = S − realizes the topologically twisted theory, that is matching the R-symmetry connection with the spin connection of the manifold. For this choice of the R-symmetry bundles,
with T the tangent bundle and
If the manifold has a U (1)-isometry generated by the vector field V a more general solution is available [6, 12, 1] .
where ζ is a U (1)-invariant one-form such that ι V ζ = (V, V ).
The supercharge generated by this solution has a scalar Q and a vector-like Q µ component
and generates the following twisted N = 2 superalgebra
on twisted fields: a connection A µ and two complex scalars Φ,Φ with even statistics, and a scalar η, a one-form Ψ µ and a self-dual two-form χ + with odd statistics. The supercharge Q acts as a differential on the fields and squares to bosonic symmetries
Observables and equivariant Donaldson polynomials
Equivariant observables in the topologically twisted theory are obtained by the equivariant version of the usual descent equations.
The supersymmetry action can be written as the equivariant Bianchi identity for the curvature F of the universal bundle as [15] (7)
where D is the covariant derivative. Observables O are obtained by the insertion of ad-invariant polynomial P on the Lie algebra of the gauge group, intersected with elements of the equivariant cohomology of the manifold,
The relevant observables in the U (2) theory are obtained from P n (x) = 1 n Tr x n with n = 1, 2. The first,
X
Tr F ∧ Ω, is the source term for the first Chern class and for the local observable Tr Φ(P ), where P is a fixed point of the vector field V . The second,
• the second Chern character of the gauge bundle X Tr(F ∧ F ) for Ω = 1 (the Poincaré dual of X),
• surface observables for Ω = ω + H, where ω is a V-equivariant element in H 2 (X) and H a linear polynomial in the weights of the V-action satisfying dH = ι V ω. Namely
• local observables at the fixed points: Tr Φ 2 (P ), for Ω = δ P the Poincaré dual of any fixed point P under the V -action.
The local observables in the equivariant case depend on the insertion point via the equivariant weights of the fixed point. This is due to the fact that the equivariant classes of different fixed points are distinct. From the gauge theory viewpoint one has
so that the standard argument of point location independence is flawed by the first term in the r.h.s..
The mathematical meaning of these facts is that the equivariant Donaldson polynomials give a finer characterization of differentiable manifolds. The physical one is that the Ω-background probes the gauge theory via a finer BPS structure.
N = 2 supersymmetric path integral and localisation
We consider N = 2 theory on four dimensional Kähler manifold X with gauge group U (N ).
In this case the BPS supersymmetric configurations minimizing the path integral are given by a mild generalization of anti-instantons [7] called Hermitian-Yang-Mills (HYM) connections, satisfying
µ(E) is the slope of the vector bundle. Here r(E) = N is the rank of E and c 1 (E) = 1 2π TrF E its first Chern class.
The Hitchin-Kobayashi correspondence establishes the equivalence of the HYM condition with the semistability of the bundle, it was proven in [16, 17, 18] . We will see that in the evaluation of the path integral it is essential to implement stability conditions of the bundles.
The supersymmetric Lagrangian considered is
g 2 is the complexified coupling constant, γ ∈ H 2 (X) is the source for the first Chern class of the vector bundle and V is a gauge invariant localizing term, chosen in order to implement the HYM condition
The zeros of the localizing action QV, i.e. the supersymmetric fixed points are given by
and their integrability conditions
4.1. Solution on toric surfaces. For a compact toric manifold the BPS fixed points are given explicitly by the data from the toric fan. Figure 1 . Toric fan of P 2 . σ ℓ labels the cone of dimension two relative to the ℓ-th C 2 coordinates patch.
First of all, using the reality condition on the scalar fieldsΦ = −Φ † , it is possible to see that F and Φ are in the same Cartan sub-algebra. At this point the solution to (14) are given by
is the V -equivariant two-form Poincaré dual of the equivariant divisor D ℓ corresponding to the ℓ-th vector of the fan (see figure 1 ).
F
point is the contribution of point-like instantons located at the fixed points of the (C * ) 2 -action that corresponds to ideal sheaves on T P X ∼ = C 2 supported at the fixed points P of the (C * ) 2 -action, these are labeled by Young
The Cartan algebra valued parameters in (16) are
• a α ∈ C N are the generators to the (C * ) N -action, they are normalizable constant modes to be eventually integrated over,
α ∈ Z N χ(X) are gauge field magnetic fluxes subject to stability conditions imposed by HYM equation.
Eventually each of the fixed points of the (C * ) 2 -action on X contributes to the partition function with a copy of the Nekrasov partition function evaluated on the tangent space of the manifold at the fixed point.
Contour of integration and fermionic zero modes.
The treatment of the fermionic zero modes has as a consequence the identification of the contour of integration to be taken in the evaluation of the path integral.
The fermionic fields are the scalar η, the 1-form Ψ and the selfdual 2-form χ + . The number of zero modes is given by the respective Betti numbers b 0 = 1, b 1 = 0 and b + 2 = 1 (for all connected and simply connected toric surfaces) times the rank of the gauge group. Specifically, the χ + zero mode is proportional to the Kähler form ω. We consider the gauge group U (N ) with algebra su(N ) ⊕ u(1).
The zero modes in the u(1) sector come as a quartet of symmetry parameters of the whole twisted superalgebra. The c-number BRST charge implementing this shift symmetry is given by (17)
and the action of Q on the c-number parameters above is given by Similar arguments appeared in the evaluation of the low-energy effective Seiberg-Witten theory [19] . The integrals over the N − 1 zero modes of b are taken by evaluating at b = 0 by Cauchy theorem. This implies that the leftover integral over the Cartan parameters is a total differential in theΦ zero-mode variables, namely in a ρ , so that it gets reduced to a contour integral along the boundary of the moduli space of BPS minima studied in the previous subsection.
Partition function on compact toric surfaces.
From the analysis of the first subsections we can write the partition function of the N = 2 gauge theory on a compact toric surface X in a contour integral
here q = exp(2πiτ ) is the exponential of the gauge coupling, y is the source term corresponding to the Kähler form tω with t the complexified Kähler parameter, so that y = e 2πt , and c
The integral is a product of copies of the Nekrasov partition function [6] , one copy for each fixed point of the (C * ) 2 torus action on the manifold X, they are as many as the Euler number χ(X). Moreover ǫ
2 are the generators of (C * ) 2 action on T P (ℓ) X and a (ℓ) are the generators of the (C * ) N framing action, that are the v.e.v.'s of the scalar field Φ at the BPS minima (16).
Results for U (2) N = 2 theory on the complex projective plane
We specify formula (23) for the U (2) gauge theory on P 2 , described by homogeneous coordinates [z 0 :
The full partition function is therefore given by a contour integral formula around the origin
where the generators ǫ
and the generators a 
where p, q, r are new names for the magnetic fluxes k (ℓ) . Moreover q (ℓ) = q e ı * P (ℓ) (αz+px) is the gauge coupling shifted by the insertion of the observables described in section 3 evaluated at the (C * ) 2 -fixed points P (ℓ) of P 2 .
These insertions are needed for the computation of equivariant Donaldson polynomials. (24) is constrained by the stability conditions imposed by the HYM equation. These latter are identified by comparing the data of the fixed point solutions with Klyachko's description of equivariant (semi-)stable vector bundles [20, 21] . Defining p = p 1 −p 2 , q = q 1 −q 2 , r = r 1 − r 2 these are given by (27) p, q, r ∈ Z ≥0 , p + q ≥ r, p + r ≥ q, q + r ≥ p.
Stability conditions. The sum over k
If we consider the first Chern class c 1 = odd, only strictly stable bundles contribute to the path integral and in (27) one can take strict inequalities. In this case the moduli space is smooth.
The case with c 1 = even is more subtle. The contributions saturating one inequality in (27) correspond to strict semi-stable bundles associated with reducible connections. These latter are associated with singularities in the moduli space and to the knowledge of the authors there are no calculations of equivariant Donaldson polynomials in this case.
AGT and Zamolodchikov's recursion relations.
The Nekrasov partition function [6] appearing in (23) can be factorized into three contributions
where the function γ ǫ1,ǫ2 is the logarithm of the Barnes double gamma function [22] , defined by
and the function z k in (31) is defined by collections of Young diagrams {Y α } (figure 2) via
To perform the integral in (24) it is important to know the analytic structure of the components in (28) .
It is not difficult to see that the product of the three copies of Z
2 ) has a double zero in the origin if the (semi-)stability conditions (27) are satisfied
where κ = p + q + r.
It is harder to see the analytic structure of Z C 2 inst due to the complicated combinatorial formulation of (31). Great insights can be obtained by the use of AGT correspondence [5] that relates the instanton partition function with conformal blocks of Virasoro algebra (see appendix). The poles of the conformal block are in one-to-one correspondence with degenerate fields and these latter are classified by theorem 1 in the appendix.
Eventually the poles and the associated residues for the instanton partition function can be obtained via AGT by the Zamolodchikov's recursion relation for Virasoro conformal blocks [23, 24] Z inst q; a, ǫ 1 ,
Using this fact, one can easily see that the product of the three copies of Z
2 ) contributes with a triple pole in the origin when the (semi-)stability conditions are satisfied
5.3. Results and non-equivariant limit. From the discussion on the previous subsection, the integrand of (24) exhibits a single pole in the origin. The integral is then easily computed via residue evaluation making use of (35) and the final result in the case of odd first Chern class is
res are defined in (38),(39) and the subset U of R 2 is depicted in figure 3 . Figure 3 . The region U is the intersection of two rectangle triangles, one is defined by the three lines r 1 = {x = −p + 1}, r 3 = {y = −q + 1} and r 5 = {y = −x + r − 1} and the other by the three lines r 2 = {x = p}, r 4 = {y = q} and r 6 = {y = −x − r}.
Formula (40) agrees with the generating function of equivariant Donaldson invariant with c 1 = 1 on P 2 computed in [25] . In the non-equivariant limit (i.e. ǫ 1 , ǫ 2 → 0) it reproduces correctly ordinary Donaldson invariants for SO(3)-bundle on P 2 computed in [26] The calculation can be repeated also in the case of even first Chern class. This case is subtle because it allows for reducible connections and singularities in the moduli space. The result of the integral (24) in this case has two contributions: the first one is the contribution from strictly stable bundles (p, q, r satisfying strict triangular inequalities in (27) ), it has the same expression (40) but with c 1 = 0. The second term is the contribution of strictly semistable bundles that are reducible connections (p, q, r saturating one of the inequalities in (27) 
where sgn is the sign function and Z Res , a 
where k (ℓ) are the magnetic fluxes. The coupling in (43) q (ℓ) = q e ı * P (ℓ) (α1z1+α2z2+px) is shifted by the insertion of the observables described in section 3 evaluated at the (C * ) 2 -fixed points Figure 4 . Toric fan of F 0 . σ ℓ labels the cone of dimension two relative to the ℓ-th C 2 coordinates patch.
In principle one can repeat the same steps of section 5 and compute the residue at the origin of the full partition function using Zamolodchikov's recursion relation (35).
This is possible as long as only simple poles appear at the origin. Indeed the difference with respect to the case of P 2 is that now the integrand in (23) To compute higher orders in (46) we need to understand properly how to include the residues of higher order poles in (23) . The problem is that for these contributions it is not clear how to associate correctly stability conditions. Further investigations on this point are necessary.
N = 2 ⋆ theory, Euler characteristic and mock modular forms
The N = 2 ⋆ theory is obtained adding to the pure Super-Yang-Mills theory a hypermultiplet of mass M in the adjoint representation. In the massless limit the theory becomes a N = 4 Super-Yang-Mills whose partition function is known to be the generating function of the Euler characteristic of the moduli space of unframed semi-stable equivariant torsion-free sheaves [7] .
In [2] we reproduce the computations of section 5 on the complex projective plane for the N = 2 ⋆ theory.
Again the full partition function is given by a contour integral where the integrand is made by copies of the Nekrasov partition function for a theory with a hypermultiplet in the adjoint representation of the gauge group.
To read the analytic structure of the instanton partition function we make use again of the AGT correspondence and of the Zamolodchikov's recursion relation for conformal blocks on the one-punctured torus [23] . The latter can be written [24] (47) Z
where 
Repeating what done in section 5, evaluating the residue at the origin, taking the massless limit M → 0 and since
we get These formulas were studied in [7] , they are mock modular holomorphic form, namely Eisenstein series of weight 3/2, see [29] . ST&FI, M.R. and A.T. are supported by the INFN National project GAST. M.R. is supported by National Since the poles of the Virasoro conformal block are known to be in one-to-one correspondence with degenerate fields, one can in turn understand the analytic structure of the instanton partition function (31) using AGT relation (60)
